Abstract: Anomalous waves and rogue events are closely associated with irregularities and unexpected events occurring at various levels of physics, such as in optics, in oceans and in the atmosphere. Mathematical modeling of rogue waves is a highly actual field of research, which has evolved over the last decades into a specialized part of mathematical physics. The applications of the mathematical models for rogue events is directly relevant to technology development for prediction of rogue ocean waves, and for signal processing in quantum units. In this survey, a comprehensive perspective of the most recent developments in methods for representing rogue waves is given, along with discussion of the devised and forms and solutions. The standard nonlinear Schrödinger equation, the Hirota equation, the MMT equation and further to other models are discussed, and their properties highlighted. This survey shows that the most recent advancement in modeling rogue waves give models which can be used to establish methods for prediction of rogue waves at open seas, which is important for the safety and activity of marine vessels and installations. The study further puts emphasis on the difference between the methods, and how the resulting models form a basis for representing rogue waves in various forms, solitary or with a wave-background. This review has also a pedagogic component directed towards students and interested non-experts, and forms a complete survey of the most conventional and emerging methods published until recently.
During the induction of the self-similar impulse in the solid, a fluid or any wave-carrying 76 medium, the shape of the resulting rogue wave no longer depends on the shape or duration of 77 the seed pulses, but depends only on the seed pulse energy (chirping). This creates a large effect 78 on the amplitude, which is largely independent on the initial conditions of the wave pattern. This 79 event, or formation of a rogue component in the wave-train, has also been observed in ocean wave 80 systems [30] and has attracted various groups to develop prediciton methods using the variations of 81 the non-linear Schrödinger equation (NLSE) [16, 24, 28, 31, 32] . One group in particular developed the 82 variable coefficient inhomogenous nonlinear Schrödinger equation (vci-NLSE) for optical signals [16] :
which derives from the Zakharov equation [33] . Here ψ(t, x) is the complex function for the 84 electrical (wave) field and x and t are respectively the propagation distance function and retarded time 85 function. The parameter α(x) defines the normalized loss rate and the function α(x)t 2 accounts for the 86 chirping effects (which indicates that the initial chirping parameter is the square of the normalized 87 growth rate). The parameter β(x) defines the group-velocity dispersion (i.e. for an entire wave-train),
88
while χ(x) defines non-linearity parameters, and γ(x) defines loss or gain effects of the wave-signal.
89
This equation is adaptable both for oceanic waves, as well as for optical non-linear wave guides.
90
Equation (1) 
The similarity transformation gives:
which is the standard non-linear Schrödinger equation.
100
The transformation and integrability conditions derived by [16] show that the factors of the to the complex exponential root function, e ix . The polynomials, which are given by functions of 135 variable x and t, are solved by performing the Darboux transformation on the NLSE system [18] .
136
Akhmediev and colleagues furthermore apply a compatibility-check between the root function e ix and 137 the reference-state for two specified column matrix elements, which define initial conditions for the 138 NLSE. These matrix elements (vectors) are given specifically by Akhmediev and colleagues [18] as 139 two differential equations:
which are split into real and imaginary parts, before being simplified and solved to fit into the 141 modified Darboux scheme [18, 38] to give the two linear differential forms:
Where the two vectors (8), (9) 
where G, H and D are the polynomials of the two variables x and t (mentioned above The same hierarchy-dependency is given in the approach by [16] , for the transformed vci-NLSE, 163 who define the general solutions for the NLSE in the hierarchical n-th order given by:
where each factor is given for the first and second order rational solutions [16] . Similarly to the 165 hierarchy solutions of Akhmediev [18] , the increasing order gives higher and higher rogue waves, 166 compared to their surrounding waves. The first and second order rational solutions given in [16] 167 reflect respectively a 3X and 5X rogue wave height, compared to the surrounding waves. For plots of 168 these, refer to [16] .
170
The similarity between (13) and (10) figure 6 , which shows the following variant of the Osborne models:
which is a periodic function in space, derived from the general form given in [32] , shown in 
where the boundary conditions are that ψ → 0 as |x| → ∞ . 
where 
which is converted to its functional form:
with f(x) = 1+e η .
218
The bilinearization technique [47] substitutes (19) into the original KdV equation (15) and 219 integrates it with respect to x:
which is the original version of the bilinearized variant of the Korteweg de Vries equation (15) 
with m and n being arbitrary positive integers. At this stage, the converted form of the KdV 225 equation (20) is rewritten as a PDE composed of Hirota operators:
which is a simplified form for the identification of exact solutions using the Bäcklund 227 transformation for the original nonlinear PDE (15). The exact solution structure for the type of
228
Hirota-operator based PDE form (22) of the KdV equation (15) is given by:
which represents the two-solition solution to the original KdV equation (15). η 1 and η 2 are the 230 functions with the independent variables x and t as given in (16) and Ω 2 = −p 3 2 , following the same definition for (16) 
where the inhomogenous component is the fourth-order perturbation defined by Dysthe [52] .
251
Dysthe transformed this equation to standard NLSE by using dimensionless variables, and added the 252 following perturbation to the general solution:
where α and θ are small real perturbations of the amplitude and phase respectively. After insertion 254 of (25) in the dimensionless form of (24) and linearizing, Dysthe obtained a simplified system of two
255
PDEs, where the respective plane-wave solutions are in the form:
and
where K = (λ 2 + µ 2 ) and λ, µ and Ω are selected parameters which satisfy a set of dispersion between waves, which, when coupled with large scale forces and small-scale damping, yields a family 273 of solutions which exhibit direct and inverse cascades [21] . The MMT equation is given by:
where ψ is a complex scalar and |∂ x | α is the pseudodifferential operator defined on the real axis 275 through the Fourier transform:
The last term in (28) is the dissipation term, which is tuned to fit ocean waves through the
277
Laplacian operator, Dψ, defined in the Fourier space:
This dissipation term, used by [21] is similar to other dissipation models used by Komen and the background [21] .
290
The MMT model shows also the formation of quasisolitons which appear in triple-wave packets,
291
as modelled by Zakharov and Pushkarev [58] and differ from regular solitons in that they radiate 
where Ω and V are constants (Ω < 0 and V > 0 ), and k is the wavenumber, which is an 300 approximate solution to the soliton-like solution for the MMT model. In this approximation, [58] give 301 φk the following form: 
which shows a conserved action and momentum, and an "inner turbulence" localized both in the 313 real and Fourier spaces of the solutions to the modeled envelope function. This "intrinsic turbulence"
is described by the authors in affecting the form of its wave-spectra, which is irregular and with a 
where the Lax pair is expressed as: Lax-represented system by using the simple gauge transformation for spectral problems,
where T is the polynomial applied on the parameter λ given in the Lax pair, and φ is the seed 328 function. Tao and He [64] argue however that regular seed solution φ = e ix as described above in 
Tao and He [64] further report the model for the 2-soliton solution, and finally give the form of 337 the 1-soliton breather solution: integrability by an infinite number of constants of motion or an infinite number of conservation laws. is different from others in that it constructs an inverse scattering problem also known as a linear
360
Riemann-Hilbert problem, which gives the solution to the nonlinear PDE with dependency on time.
361
The approach by Ablowitz and Musslimani [68] starts by linearizing the equation:
where one can immediately observe the existence of a Hermitian pair with reverse directional 
367
An exemplary Lax pair is given in [72] as:
where v is the two-component vector and k is a special parameter, and A and B are complex 369 functions. Ablowitz uses at this step specific compatibility conditions [73] to transform the original 370 PDE in (42) (i.e. ψ xt = ψ tx ) and gains the simplified PDE pair:
which yield the original form in eqn. (42). by using a specific symmetry reduction which defines 372 the nonlocality:
This step is particularly characteristic to , which of the new class of nonlocal integrable evolution equations with the nonlocal NLSE hierarchy are directly derived 375 by.
376
The aforementioned property of conserved quantities and conservation laws is also characteristic to 
which are real integrable Hamiltonians. Ablowitz and Musslimani [68] derive furthermore local 382 conservation laws defined by the equations:
which from they further develop the framework for the direct scattering problem and the inverse 384 scattering problem, where the scattering data is given specific scattering matrices. The same symmetry 385 is also in the problem of the potential and in the eigenfunction and leads naturally to the same 386 symmetry relation in the scattering matrices, which are given by:
where Λ is a 2x2 matrix with zeros in the diagonal and 1, ±1 on the lower and upper in (50). These equations are given by:
where R(k) andR(x) are the reflection coefficients. The terms B l andB l are the conservation law algebraic integral system of equations that solve the inverse problem for the eigenfunctionsM(x, k) 397 and M(x, k).
398
The resulting soliton solutions of the Ablowitz-Musslimani model assume hence the form 399 q(x) = − 2(η +η)e iθ 1 e −4iη 2 1 t e −2η 1 x 1 + e i(θ 1 +θ 1 ) e 4i(η 2 1 −η 2
which represents a family of solutions defined by the four independent parameters which have a 400 dynamic relationship with the time-variable and which gradually develop a singularity in a finite time 401 period, t s at x=0 where t s is given by: NLSE, where the variations were represented by the terms in the denominator of the soliton solutions.
413
The parity-time symmetry potential of the Ablowitz-Musslimani equations has also been studied by Yu
414
[76] very recently, who obtained discrete rogue wave solutions with three free parameters (refer to eqn.
415
(54) for similarities). Yu studies in particular the effect that the dispersion of the parity-time symmetry
416
has on the solutions, as well as the effect of the coefficients and the parameters. Yu [76] 
